ABSTRACT. We prove the corona theorem for domains whose boundary lies in a C1+a curve.
Let T be a C1+a Jordan curve in the plane C and let E be a compact subset of T. Set fi = C -E, and let ü°°(fi) denote the space of bounded analytic functions on Q. We show:
THEOREM. Let /i,...,/" G #°°(fi) and p > 0 have the property that p < max{|/j(z)|: 1 < j < n} < 1 for every z G fi. Then there exists gi,...,g" G #°°(fi) such that /i<ji + ■ • ■ + fngn = 1 on fi.
When T is the real line, such a domain fi is called a Denjoy domain. In this case the theorem has been proven by Garnett and Jones [3] ; the proof of the above theorem will be based on their result.
To prove the theorem, it suffices to do it locally, that is, we show that for ç G T there exists a neighborhood of ç on which the theorem is true and such that the size of this neighborhood is determined only by p, n, and parameters concerning I\ The fact that we can localize the problem is due to Gamelin [1] , see also Garnett [2, p. 368 ].
We may assume T has length 1. Let ç{s): [0,1] -► C be a parametrization of T by arc length. Since T is C1+a, there exists a constant ci > 0 such that \ç'{s) -ç'{t)\ < ci\s -t\a for all s,t G [0,1]. At this point we note that with just minor modification the proof works if we only assume c'{s) satisfies a Dini condition, /0 oj{6)/6d6 < oo, where w(<5) is the modulus of continuity of ç'{s). However, the idea of the proof is amply illustrated by the C1+a case and this is the only case we consider.
The proof will be divided into three lemmas, the first of which is the crux of the proof. This lemma says that locally on a C1+a curve, Cauchy integrals behave essentially like Cauchy integrals along straight lines. The proof of this lemma is similar to the proof of the fact that the Cauchy integral is a bounded operator on L2 on a C1+a curve. Lemma 2 will then show that locally, ü°°(fi) functions are close to H°° functions on Denjoy domains. Then Lemma 3 shows how to obtain a local solution given that the problem can be solved on Denjoy domains. The author would like to thank Professors S.-Y. A. Chang and J. B. Garnett for many helpful conversations during the preparation of this paper.
The letter c will denote a constant, not necesarily the same at each occurrence. All such constants will depend only on the curve T and the numbers n and p. Choose s so that {c/{a + l))\s -x\a < 1/2 for every s,x G I. Then,
Then the left-hand side of (1) can be estimated by There exists a number ¿o > 0 which depends only on T such that for all 6 with \6\ < ¿o we have ç{x) + i6ç'{x) G T only when 6 = 0. This follows from the compactness of [0,1] and the fact that T is a Jordan curve.
Let I = [a, b] be an interval centered at so and let
We can assume that I is chosen small enough so that ß < 1/10; this insures us that up to a rotation, ç{I) is the graph of a function. We also suppose that |i| < e, where e is from Lemma 1. When integrating over 7 and 7 we will also consider them oriented as follows: 71U72U73 is a square, orient it in a counterclockwise direction, and give Ir\ç~1{E) its orientation from the real line. Then give 7 the induced orientation from 7 via w(£). Also we define D1/2 = ji <b-^,\y\<¡}-r\E). It remains to estimate the contribution to the left side of (2) by the integrals over 72 and 73. We just estimate the integral over 72; the estimate of the integral over 73 is similar. On 72, £(s) = s + i6, s G I, and w(£) = ç{s) + i6c'{so), s G I, that is, w(£(s)) is just a translation of ç{s) by iô'{so). Note that we can neglect the orientation we have given 72 since it is only the modulus of an integral that we wish to estimate. For z = x + iy with x G I, set Sz = u;(£(x)) + i (^ll(x)) (y-6) = ?(x) + i6c'{s0) + iç'{x){y -6).
Then by Lemma 1, Noting that \Sz -Tz\ < $6 we also have ds <c
Then (6) and (7) yield an estimate for 72. This estimate together with a similar estimate for 73 and (3), (4), and (5) give (2). The theorem will then follow from Since IIFjdcj/^Hoo < 2, we can make the right-hand side of this inequality small by first assuming that 6 is some small fraction of |/|, and then assuming that |/| and hence ß < c\I\a are small. Assuming that the right-hand side of (8) is less than p/2, it then follows that p/2 < max{|/*(z)|: 1 < 3 < n) < 1 + p/2 for z G Di/2. Since D1/2 is a Denjoy domain (actually it is conformally equivalent to a Denjoy domain), then by the theorem of Garnett and Jones, there exists h*,... ,h^ G H°°{Di/2) such that/ffc;-+.--+ /XslonZ?1/a.
Completely analogous to the relationship between D and D, we form the domain Di/2 corresponding to Di/2. We then let 71/2 = dDi/2, 71/2 = dL>i/2 and we define oji/2'-71/2 -► Î1/2 hi the same way we defined ui. Also, we will let /1/2 denote the interval centered at sq and having length |/|/2 = (6 -a)/2, and we set Then, by choosing 6 and |/| in the manner described previously, we can assume that the right-hand sides of (8) Then we set U = T{D-i/i). U is a neighborhood of f(so), and the functions gy(z) fc¿W/(H£=i fj{z)hj{z)) are in H°°{U) and satisfy /1O1 H-1-/no" = 1 on U.
